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I. GRAVITATIONAL ENERGY RADIATED BY KEPLERIAN SYSTEMS; 
INTRODUCTION 
 
Einstein built the general theory of relativity (GR) between 1907, when he formulated the first 
version of the equivalence principle, and November 1915, when he obtained his equations for 
the gravitational field. In GR, space-time is described by the metric tensor, whose components 
are identified with the gravitational potentials of the matter. In 1918, Einstein established that 
small perturbations of this tensor propagate at the speed of light and are generated by masses 
undergoing acceleration. These perturbations, which are called gravitational waves (GW) 
describe transverse (shear) deformations of space and are associated with the quadrupolar 
momentum (inertia momentum) of the source1,2 (whereas in electromagnetism the transverse 
polarization is a vectorial one and is generated in first approximation by the dipolar 
momentum of the source).  
 
In the case of a binary system, the energy carried away by GW is lost by the system, hence a 
decrease of its orbital period. The first detection of that effect occurred in the 1980’s after the 
discovery in 19753 of the binary pulsar PSR 1913+16 by Hulse and Taylor, who were 
rewarded by the Nobel Prize in 1993.4 This system is composed of two neutron stars with 
1.44 and 1.38 solar masses, orbiting with a short period of 7.8 h on Keplerian elliptical 
trajectories with a noticeable eccentricity 0.617. Thanks to many years of observations by 
Taylor and Weisberg, the data were accurate enough to show that the decrease of the orbital 
period is consistent, up to a precision of measurement of 0.4%, with the emission of GW 
predicted by GR.5 GW detection is an intense field of research, and huge detectors, such as 
the LIGO and VIRGO (or LISA in the future) interferometers6 have been built to detect GW 
as they reach the Earth.  
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The aim of this paper is to show that standard knowledge at undergraduate level can be used 
to calculate the GW power radiated by a celestial body such as PSR 1913+16, and to discuss 
its dependence on the various orbital parameters (including eccentricity). In section II, we use 
dimensional arguments to obtain (up to a constant) the gravitational power radiated on a 
circular orbit under the assumption of a quadrupolar emission. The same analysis, applied to 
the dipolar and quadrupolar electromagnetic radiations leads to an interesting comparison. Of 
course, this dimensional approach does not apply to a general Keplerian orbit because of the 
eccentricity, which is an adimensional parameter. In section III, we show how to derive very 
simply the instantaneous power of radiation on such an orbit, by introducing the local radius 
of curvature (which enters the well known expression of the normal acceleration). Finally in 
section IV, we discuss the case of a Keplerian ellipse and calculate the mean radiated power. 
The dependence of this power with respect to the eccentricity of the orbit agrees with a 
precision of order 1% with the formula7 of GR which has been confronted to the observations.  
 
 
II. DIMENSIONAL CALCULUS AND THE CASE OF A CIRCULAR ORBIT  
 
In the center of mass frame of a binary system, let ( )1 2 1 2= m m m + mµ  be the reduced mass, R 
be the radius of its circular orbit and T = 2pi ω  be its orbital period. The power circP  of the 
gravitational radiation is expected to depend on  µ, R and ω, as well as on the coupling 
constant of gravitation G and on the speed of light c. It is impossible to obtain a unique 
formula for circP  from a dimensional argument with these five parameters, since there are only 
three dimensions, say the mass M, the length L and the speed V (or the time T). The problem 
can actually be solved if we remember that GW are shear perturbations and consequently 
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have a quadrupolar origin. The wave amplitude is then proportional to 2Rµ  (inertia 
momentum) and circP  to its square 2 4Rµ . Writing the dimensional equality 
[ ] 2 4 -1 3circ [ ] [ ] [ ]P M L G V ML Vα β γω≡ = ,                                       (1) 
and using the relations [ ] 1 2G M LV−≡ , [ ]c V≡ , [ ] -1L Vω ≡ , one gets by identification 
1, 6, 5α β γ= = = − , and: 
2 5 6 4
circP AG c Rµ ω−= .                                                          (2) 
In Eq. (2), A is a constant. Its exact value 32 5  is not far from unity8 and is given by a rather 
tedious calculation in GR (see Ref. 1-2).  
 
Let us emphasize that the 6ω  dependence of circP  is characteristic of a quadrupolar radiation. 
Indeed, as soon as we expect circP  to be proportional to 2µ , Eq. (1) implies that it must also 
be proportional to G, and that the powers of L and ω  are directly related; more precisely circP  
becomes equal to 2 2( 1) 2 (2 1)n n nAG R cµ ω + − +  where n is an integer describing the multipolar order 
of the source. Such an analysis also applies in electromagnetism. There circP  is obtained from 
its proportionality to the square 2q of the charge and to appropriate powers of R, ω and of the 
constants c and 04piε . The dimensional equality [ ] 2 2 -1 3circ 0[4 ] [ ] [ ]nP Q L V ML Vα β γpiε ω≡ =  and 
the relation -1 2 -20[4 ] = MLV Qpiε  lead to the expression ( ) 12 2 2( 1) 2 1circ 04 n n nP Aq R cpiε ω− + − += . In 
the familiar dipolar case9  (n=1), the radiated power is proportional to 4ω , the exact 
calculation giving = 2 3A . 
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III. RADIUS OF CURVATURE AND THE EXTENSION TO KEPLERIAN ORBITS  
 
The above dimensional argument10 cannot be applied to an elliptical trajectory because 
eccentricity is an adimensional parameter. A way to bypass this difficulty is to consider that 
locally (near a point M) the trajectory can be approximated (up to second order) by a circle 
whose radius R MC=  is called the local radius of curvature (figure 1). Then, the 
instantaneous angular velocity ω   is V Rω = , where V is the velocity at the point M. This 
allows writing the instantaneous power of gravitational radiation as: 
2 -5 6 2d
d
WP= = AG c V R
t
µ − .                                                       (3) 
In kinematics, the radius of curvature is also well known from the relation ( )2 2Na V R Rω= = , 
which gives the normal acceleration, i.e. the projection of the acceleration a on the line MC. 
Let ϕ   be the angle between a and MC, then: 
2
cos
V
R
ϕ= a .                                                           (4) 
When the trajectory is governed by central forces pointing towards a point O (figure 1), ϕ  is 
also the angle between the velocity and the normal to the line OM . In that case, the 
conservation of the angular momentum  µ ∧r V  leads to the additional relation  
( )cos , area's constantrV K r OM Kϕ = = ,                                    (5) 
and the product of  Eq. (4) and Eq.(5) leads to the factor11 6 2V R−  of  Eq. 3, through the term  
3 KV
R r
=
a
.                                                               (6) 
Finally, in the case of a Keplerian motion, where  
( )( )2 1 2r G m mα α−= = +a ,                                              (7) 
the instantaneous power of radiation becomes:  
 6
2 -5 2 2
6
dW AG c KP =
dt r
µ α
=
 .                                                     (8) 
 
In the discussion of the next section, we shall also need the expression  
2 -5 2
4
d
d
W AG c K
r
µ α
θ
= ,                                                   (9) 
which gives the energy dW radiated along an arc dθ  of the trajectory. It is a consequence of 
Eq. (8) and of the relation (area’s law): 
        
2 dK r
dt
θ
= .                                                           (10) 
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Fig. 1. Polar coordinates and kinematics in the case of a centripetal acceleration. The 
arc of trajectory (bold curve) is approximated at M by a circle of center C and radius R 
(dotted curve). ϕ  is the angle between MC (perpendicular to the velocity V) and OM 
(parallel to the acceleration a). It is also the angle between V and the normal to OM.  
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IV. THE INFLUENCE OF THE ECCENTRICITY FOR AN ELLIPTICAL ORBIT 
 
We now examine some consequences of Eqs (8) and (9) in the case of a Keplerian ellipse. Let 
us recall that in polar coordinates, with origin O at a focus (figure 2) and with θ the true 
anomaly, its equation reads: 12 
( )
2with , 0 1
1 cos
p
r = p K e
+e 
α
θ
= ≤ < .                              (11) 
In the following, we shall need the relation  
( )21p a e= − ,                                                            (12) 
between the parameter p, the eccentricity e and the semi-major axis a of the ellipse, as well as 
the expression of the period of the motion T (Kepler’s third law): 
3 2 1 2 2 32 orT a api α ω α−= = .                                        (13) 
 
M 
r  
O 
Fig. 2. A Keplerian ellipse with e = 0.6.  The origin O is a focus and θ  is the true 
anomaly. P is the periastron ( )( )1OP a e= − , A the apastron ( )( )1OA a e= +  and 2AP a=  
the major axis. The velocity V obeys the area’s law. 
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V 
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First, we remark from Eq. (8) (and Eq. (11)) that when the eccentricity is not negligible, the 
ratio ( ) ( )( )61 1e e+ − of the instantaneous powers radiated at the periastron P ( )0θ = and at the 
apastron A ( )θ pi=   may be very large, e.g. 4000 for 0.6e = . This suggests that the radiation is 
then mainly emitted near the periastron. One can check it by using Eq. (9) to obtain by a 
direct numerical integration the angular arc which corresponds to 50% of the radiated energy. 
For 0.6e =  (figure 2), this arc is about 1 rd (centered on P) and it corresponds to a small part 
of the orbit. The associated travel time is even smaller compared to the period, approximately 
4%, because of the area’s law. (For 0.9e = , these values are respectively 0.9 rd and 0.6% T). 
On figure 3 we have represented in the interval[ ];pi pi− , both d dW θ  (solid curve) and 
P = d dW t
 (dotted long dashed line) respectively as a function of the true anomaly θ  and  of 
the mean anomaly 2 t Tpi . These functions are normalized to their maximum value at the 
periastron P ( 0, 0tθ = = ). 
 
Fig. 3. Angular and time repartition of the GW radiated energy. 
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Another remark concerns the dependence with respect to the eccentricity of the time averaged 
power P  (total energy radiated on the orbit divided by the period 2T pi ω= ): 
2
0
d d
2 d
WP
piω θ
pi θ
= ∫ .                                                            (14) 
Using Eq. (9) for d dW θ  and the relations  
( )2 75 7 2 22 24 15 4K = p = a epα α ω
−
−
−
 ,                                          (15) 
 which follow respectively from Eq. (11) and Eqs. (12)-(13), one  immediately gets: 
( ) ( )27 42 -5 6 4 2 2
0
11 1 cos d
2
P = AG c a e e
pi
µ ω θ θ
pi
−
× − × +∫ .                              (16) 
For our discussion, we write Eq. (16) as  
( )circP P f e= ×  ,                                                          (17) 
with (after the evaluation of the angular integral): 
( ) ( ) 72 -5 6 4 2 2 42 3; 1 1 3 8circP AG c a f e e e eµ ω
−  
= = − + + 
 
.                     (18) 
circP  of Eq. (18) is the power which would be radiated on a circular orbit of radius a. The 
function ( )f e  exhibits the influence of the eccentricity. Of course, for 0e = (circular orbit), 
we recover expression (2) of circP  as expected. In the general case 0e ≠ , ( )f e is a magnifying 
factor13  with respect to the power radiated on a circular orbit of radius a. It is approximately 
11.8 in the case of PSR 1913+16. More generally, the factor ( ) 72 21 e −−  in ( )f e  implies that 
the power P  of the GW emission increases significantly when 1e → , i.e. for high eccentric 
orbits (a being fixed).  
 
As a final remark, let us recall that the above calculation of P  is based on an approximation 
(assimilating locally the trajectory to a circle). A more exact formula (see Ref. 7), which has 
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been confronted to the observations of PSR 1913+16, differs from Eq. (18) by the expression 
of the magnifying factor: 
( ) ( ) 72 2 42 73 37* 1 1 24 96f e e e e
−  
= − × + + 
 
.                                                 (19) 
However, since the factors of 2e  and 4e  in the last parenthesis of Eq. (18) are 3 72 24=  and 
3 8 36 96= , the expressions of ( )f e  and ( )*f e  are quite close. In particular, they share the 
same ( ) 72 21 e −−  critical dependence on the eccentricity. In the case of PSR 1913+16, the 
relative discrepancy between them is of the order of 0.8%, i.e. only twice the precision of the 
measurements. In the general case, the error does not exceed 1.2%.  
 
In conclusion, the formula obtained in section II for the power radiated by GW on a circular 
orbit, and the introduction of the local radius of curvature, have led us to recover the non 
trivial influence of the eccentricity given by GR in the realistic case of an elliptical orbit. The 
whole calculation can be considered as an application at the undergraduate level (dimensional 
analysis, normal acceleration and Kepler’s laws) of a problem of high physical interest.  
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